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Abstract 

The aim of this paper is to study the existence and uniqueness of the solution 
of the backward stochastic differential equations involving the subdifferential 
operator dip (also called backward stochastic variational inequalities): 

r -dYt + {Yt) dt3F {t, Yt, Zt) dt - ZtdBt, 0<t<T 
[Yt = V- 

Our results generalize those of E. Pardoux and A. Ra§canu (Stochastic Processes 
and their Applications 76, 1998) to the case in which the function F satisfies a 
local boundeness condition (instead of sublinear growth condition with respect 
to y). 
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1 Introduction 

We consider the following backward stochastic variational inequality (BSVl) 
-dVt + (Yt) dt3 F it, Yt, Zt) dt - ZtdBt, 0<t <T 
Yt = V- 
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where {Bt : t > 0} is a standard Brownian motion, dip is the subdifferential of a convex 
Ls.c. function (p, and T > is a fixed deterministic time. 

The study of the backward stochastic differential equations (equation of type ([T]) 
without the subdifferential operator) was initiated by E. Pardoux and S. Peng in ^ 
(see also [8]) where is proved the existence and the uniqueness of the solution for the 
BSDE under the assumption of Lipschitz continuity of F with respect to y and z and 
square integrabihty of rj and F {t, 0, 0). 

The more general case of scalar BSDE with one-sided reflection and associated 
optimal control problems was considered by N. El Karoui, C. Kapoudjian, E. Pardoux, 
S. Peng, M.C. Quenez in and with two-sided reflection associated with stochastic 
game problem by Cvitanic and Karatzas [3]. 

Multidimensional BSDE reflected at the boundary of a convex set was studied in 
A. Gegout-Petit and E. Pardoux, [5j. 

The standard work on BSVI is that of E. Pardoux and A. Ra§canu [9J, which give a 
proof of existence and uniqueness of the solution for ([T]) under the following assumptions 
on F : monotonicity with respect to y (in the sense that {y' ~y, F{t, y', z) — F(t, y, z)) < 
a\y' — yp), lipschitzianity with respect to z and a sublinear growth for F {t, y, 0) : 



Yt + KT-Kt = 7]+ F{s, Y„ Z,) ds - / ZJB„ a.s., with dKt e dip {Yt) dt. 



Moreover the process K is absolute continuous with respect to dt. In [TO] the same 
authors extend the results from [9] to a Hilbert spaces framework. 

Our paper generalize the previous existence and uniqueness results for ([1]) by assu- 
ming a local boundedness condition (instead of sublinear growth of F), i.e. 



Concerning to this requirement on F we remark that a similar one was considered by 
E. Pardoux in [6] for the study of BSDE. More precisely, his result is the following: 
If ?7 e L2(fi;R'"), F(t,0,0) e F^iVLx [0,T];M'"), F is monotone with respect to 
y, Lipschitz with respect to z and there exists a deterministic continuous increasing 
function such that V (t, G [0, T] x R'", |F(t,?/,0)| < |F (t, 0, 0)| + ^ (|?/|) , P-a.s, 
then there exist a unique solution for BSDE ([T]) with = 0. This result was generalized 
by Ph. Briand, B. Delyon, Y. Hu, E. Pardoux, L. Stoica in [2]. 

The article is organized as follows: in the next Section we prove some a priori 
estimates and the uniqueness result for the solution of BSVI (P). Section 3 is concerned 
on the existence result under two alternative assumptions (which allow to obtain the 
absolute continuity of the process K) and Section 4 establishes the general existence 
result. In the Appendix we presents, following [11], some results useful throughout the 
paper. 



\F it, 0) I < A + ^ IZ/I , V (t, y) e [0, T] X 
It is proved that there exists a unique triple (Y, Z, K) such that 
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2 Preliminaries; a priori estimates and the unique- 
ness result 

Let {Bt : t > 0} be a /c- dimensional standard Brownian motion defined on some com- 
plete probability space {fl,J-',F). We denote by {J-'t :t>0} the natural filtration 
generated hy {B^ : t > 0} and augmented by J\f, the set of P- null events of J^: 

Tt = (j{Br -.0 <r <t}V Af. 

We suppose that the following assumption holds 

(Ai) T) : O, ^ M.^ is a ^T-measurable random vector, 

(Aa) F : n X [0,T] X X R"''"' satisfies that, for all y e W", z e R"''"', 

{cu,t) I — > F(-,-,y,z) : fl X [0,T] ^ M™ is progressively measurable stochastic 
process, and there exist // : i7 x [0, T] — >■ M and £ : fl x [0,T] ^ M+ progressively 
measurable stochastic processes with 




such that, for all t e [0, T], y, y' e R"" and z, z' e R"''"', P-a.s.: 



iCy) 

{My) 



y I — > F {t,y,z) : R"^ R"^ is continuous, 
{y' - y, F{t, y', z) - F{t, y, z)) < M - y\ 
\F{t,y,z')-F{t,y,z)\<£t\z' -z\, 




where, for p > 0, F* {t) = sup \F{t, y,0)\, 



\y\<p 



(A3) ^ : R 



• m 



(—00, +00] is a proper, convex l.s.c. function. 



The subdifferential of is given by 



dip {y) = {y : {y^v -y) + ip{y) <ip{v) ,\/ V e R"^} . 



We define 



Dom ((/?) = {1/ e M™ : 99 {y) < 00} , 
Dom {dip) ^{yeR"" -.dip {y) ^ 0} G Dom {(p) 
and by (y, y) e d(p we understand that y e Dom {d(p) and y & d(p (y). 
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Recall that 



Dom {(f) = Dom {d(p), int {Dom (ip)) = int {Dom {d(p)) . 
Let e > and the Yosida regularization of if : 



cp^y)''^ M^-\y-v\' + p{v):vem"'j = -\y-Js{yr + p{Js{y)), (2) 

where (y) = {Imxm + ^dip)"'^ (y). Remark that p^ is a convex function and is 
a 1-Lipschitz function. 

We mention some properties (see H. Brezis [T], and E. Pardoux, A. Ra§canu ^ for 
the last one): for all x,y E 

(a) Vps{y)=dps{y) = ^^—j^edp{J,y), 

(b) \V(pe{x) -Vpe{y)\ <^\x -y\, (3) 

(c) (V¥^,(x) - V(/^,(y),x-i/) > 0, 

(d) {Vifeix) - Vp5{y).x -y)>-{e + 5) (V<^e(x), Vp5{y)) 

We denote by 5^[0,T] the space of (equivalent classes of) progressively measurable 
and continuous stochastic processes X : VL x [0, T] ^ M™ such that 

E sup < oo, if p > 0, 

and by AJ^ (0, T) the space of (equivalent classes of) progressively measurable stochastic 
process AT : 1] x [0, T] ^ such that 

iXtl^rft < OO, P-a.s. u; e fi, ifp = 0, 





.T \ P/2 

E ' 



(^j^ \Xt\^dt^ < cx), ifp>0 
For a function (7 : [0,T] — * M™, let us denote by XqXj^ the total variation of g on [0,T] 



I.e. 

'n-l 



|(?|^ =^ sup <j \9 iU+i) - 9 : n G N*, = to < ti < ■ ■ -tn = T 

and by 5^ ([0, T] ; M™) the space of the functions g : [0, T] ^ such that ^^Jt < 

(W([0 
space) . 



{BV ([0, T] ; M"^) equipped with the norm | jf?! Ij^yQo.TjiR™) ~ Is'l^)! Is'lr is a Banach 
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Definition 1 A pair (Y, Z) G S"^ [0, T] x A^^^ (0, T) of stochastic processes is a solu- 
tion of backward stochastic variational inequality (QP if there exists K G S'^ [0, T] with 
Kq = 0, such that 

(a) IK\^+ ! W{Yt)\dt+ f \F{t,Yt,Zt)\dt<^, a.s., 

Jo Jo 

(b) dKt G dip {Yt) dt, a.s. that is: P-a.s., 

\y{r) - Yr, dKr) + f v{Yr)dr < f\{y{r))dr, 
Jt Jt 

My G C([0, T]; M°'), VO < t < s < T, 
and, P-a.s., for allt G [0,T] : 

Yt + KT-Kt = v + Fis,Ys,Zs)ds- ZJE^ (4) 
(we also say that triplet (Y, Z, K) is solution of equation 

Remark 2 If K is absolute continuous with respect to dt, i.e. there exists a progressi- 
vely measurable stochastic process U such that 

I \Ut\ dt < oo, a.s. and Kf = Ugds, for all t G [0,T] , 
Jo Jo 

then dKt G dip (Yt) dt means 

Ut G dp{Yt) , dt-a.e., a.s. 
If dKt G dp {Yt) dt and dKt G dp{Yt)dt then we clearly have 

\ip{Yt)\dt+ I \>p{Yt)\dt < oo, a.s. 
Jo 

and, using the subdifferential inequalities 

{Yr - Yr, dKr) + ip{Yr)dr < piYr)dr, 

S S s 

/ {Yr-Yr,dKr)+ / viYr)dr < / ipiYr)dr, 
Jt Jt Jt 

we infer that, for all < t < s < T 

^ {Yr - Yr, dKr " dKr) > 0, a.s. (5) 
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Let a,p > 1 and 



where Up = {p — 1) A 1. 
Denote 



(6) 



S'^'P [0, T] =^ <( F e si [0, T] : 3 a > 1, E sup |e^»^"'n|P < cx) J> . 

SG[0,T] 

Remark that if fig and £^ are deterministic functions then, for all p > 1, S}^'^ [0,7"] = 

Proposition 3 Let {uo,uo) ^ d(f and assumptions (Ai—A^) be satisfied. Then for 
every a,p > 1 there exists a constant Ca,p such that for every (y, Z) solution of BSDE 
(QP satisfying 

E sup e^^^m-Mol^' + Ef / e^^(|Mo| + |i^(s,Mo,0)|)rfs)''<oo, 
se[o,T] ^Jo ^ 

the following inequality holds P-a.s., for all t G [0,T] : 



sup |e^^(n-no)|^+f / e^^H^sl'rf^Y 
e[t,T] V^t / 

/ .T xP/2 

+E^*^ e^'^^ in - uor^ Iy.^u, W{Ys) - ^ {u^)\ds 



eP''^\r]~uof+(j\''^\uo\ds) + ("^V |F (s, mq, 0)Ms 



(7) 



and, for every Rq > and p > 2, 



</'E^' ij^ e2^» \F (s, Zs)\ds\ + E^* eP^» |n - wor"' ly.^u, \F (s, F,, Z,)| 



p/2 



+E^' ("^^e^^ (.) + 2i?o |7s|) ds 



(8) 



where 



|y-Mol<-Ro 



Proof. We can write 

Yt- uo = r] - uo + [F (s, Ys, Zg) ds - dKs] - ZsdBs 

Let Rq > 0. The monotonicity property of F implies that, for all |f | < 1 : 

{F (t, uq + Rqv, z) - F (t, y, z) ,uo + Rqv - y) < fit \uo + Rqv - yf 
and, consequently 

Ro {F {t, y, z) , -v) + {F (t, y,z),y- uq) 

< fit\uo + Rqv -yf + \F {t,Uo + RoV,z) \ \y-Rov-Uo\ 



< fit \uo + Rqv - yf + 



F* 



it)+it\z\ \y-Rov-uo\ 



< fit \uo + Rov - yf + F* . (t) \y - Rov - Uo\ + \y - R^v - Uo|' + 



2nr 



Hp 

2a 



< F*,Ro W i\y-Uo\+Ro)+ It [\y - Mol' - 2i?o {v, y-u,) + Rl \v\^] + ^ |z| 



< 



"P \ 1 2 



RoFl^R, it) + Rht\ + [RZ,ro (t) + h\\ \y - «o| + it\y- «or + 

Taking sup|^|<]^ , we have 
Ro \F {t, Yt, Zt)\ dt + {Yt - uo, F (t, Yt, Z,)) dt 

< 'RoFI^^ it) + Rl^t] + [Flno (t) + 2Ro \lt\] \Yt - uo\ + \Yt - u^f dVt + ^ \Zt\' 
From the subdifferential inequalities we have 

\^{t, Yt) - ^ [t, Uo) I < [^(t, Yt) - ^ {t, Uo)] + 2\uo\ \Yt - uo\ , 

and 

[ip{t, Yt) - if it, Uo)] dt < (Yt - Uo, dKt) 

Therefore 

\^{t, Yt) - V it, uo)\dt < (Yt - Uo, dKt) + 2\uo\ \Yt - uo\ dt. 

From the above it follows that 

[Ro \F {t, Yt, Zt)\ + \if{Yt) - ^ {uo)\] dt + {Yt - Uo, F {t, Yt, Zt) dt - dKt) 



< 



+ \Yt-uo\'dVt+'-^\Zt\ 
2a 



dt + 

2 



<,«o W + |7*I + 2 \uo\\ \Yt - Uo\ dt (9) 



For Ro = 0, inequality (JTj) clearly follows from ([9]) applying Proposition [TT] from Ap- 
pendix. 

For i?o > we moreover deduce, using once again Proposition [TTl inequality ([8]). ■ 



Remark 4 Denoting 

Q = e^-r \r] - uq\ + / e^'\uQ\ds+ / |F (s, Uq, 0)| 



we deduce that, for all t E [0, T] : 

\Yt\ < \uo\ + C^/f e-^* (E^*e^)'/^ , a.s. (10) 
Corollary 5 Let p >2. We suppose moreover that there exist tq, Cq > such that 

^to,ro =^ (^0 + rov) : < 1} < Co . 



Then 



T \ P/2 



p/2 



^e^^l^oMsJ +n e''^\Fis,Uo,0)\ds\ 



Proof. Let an arbitrary function v E C ([0,T] ; M"*) such that \\v\\rp < 1. From the 
sub differential inequahty 

{uo + tqv (t) - Yt, dKt) + v{Yt)dt <^{uo + rov (t)) dt, 

we deduce that 

rod IKI + ip{Yt)dt < {Yt - Uo, dKt) + vt,r,dt. 

Since 

{Yt - Mo, Uo) + V (uo) < <f(Yt), 

then 

rod IKI^ < {Yt - Uo, dKt) + \uo\ \Yt -uo\dt+ [(ft^^ro - f K)] dt 

Therefore 

rod IKI + {Yt - Uo, F {t, Yt, Zt) dt - dKt) 
< {^l,ro - ^ K)) dt + \Yt ~Uo\{\uo\ + \F {t, Uo, 0)1) 
+ \Yt-uo\^dVt + '^\Zt\^dt. 
The inequahty (fTTi) follows using Proposition [TTl ■ 
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Proposition 6 (Uniqueness) Let assumptions (Ai—A^) be satisfied. Leta,p > 1. // 
(F, Z) , {Y, Z) e [0, T] X Aj^^fc (0, T) are two solutions of BSDE ^ corresponding 
respectively to r] and fj such that 

E sup e^'^'^lYs-Ysl" < oo, 

sG[0,T] 

then for all t G [0, T] , 

^pVt^Y, - y;|P < E-^* (e^^^ \r] - fjf) , F-a.s. 
and there exists a constant Ca,p such that P-a.s., for all t G [0,T] : 

r-T \ p/2' 



sup 

se[t,T] 



ePVs\Y,-Y,\P+(^J^ e^^^\Z.,-Z,,\'dsJ 



(12) 



~ip 



Moreover, the uniqueness of solution {Y, Z) of BSDE (QP holds in S"^'^ [0, T] xA^^^ (0, T). 

Proof. Let (F, Z), (F, Z) G ^^J, [0,T] x A^^^ (0,T) be two solutions corresponding to 
rj and fj respectively. Then there exists p > 1 such that F, F G S*^ [0, T] and 



Yt-Yt = T]-V+ dL 



T 



[Zg — Zs)dBs 



where 



Lt 



(F {s, n, Z,) - F [^s, r„ Zs) )ds - (dKs - dK,) 
Since by (El) (V; - F,, rffsTs - rf^^) > 0, then, for all a > 1, 

{Yt - Yt, dLt) < \Yt - Ytl^fitdt + \Yt - Yt\\Zt - Zt\itdt 



< \Yt - Y,\' /ii + —ii \dt + ^\Zt- Zt\'dt. 



2n. 



2a' 



By Proposition [TTl from Appendix, inequality f|T2|) follows. 

Let now p > 1 be such that {Y,Z),{Y,Z) G S^^p[0,T] x A^^fc(0,T) are two 
solutions of BSDE ([T]) corresponding respectively to rj and fj. From the definition of 
space 5"^'^ [0, T] there exists a > 1 such that 



E sup |e^*"'Vt|*' < oo, E sup |e^* Ftj^ < oo. 
tG[0,T] te[o,T] 

Consequently estimate ffT21) follows and uniqueness too. 
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3 BSVI - an existence result 



Using Proposition [3] we can prove now the existence of a triple {Y, Z, K) which is a 
solution, in the sense of Definition [1], for BSVI ([T]). In order to obtain the absolute 
continuity with respect to dt for the process K it is necessary to impose a supplementary 
assumption. 

Let {uq,uq) G dip be fixed and 



r.a,p def 2p||V||j, 



|?7 - MoT + 



ImoI ds \ + 



T \ P- 

\F (s, Mo, 0)1 ds 



(13) 



where a,p> 1, Ca,p is the constant given by Proposition [3] and VJ"'^ is defined by ([6]). 
If there exists a constant M such that 



then 



|?7| + /" |F(s,Mo,0)|rfs < M, a.s. 
Jo 

07 < a.pe^P"''"^ [(M + |mo|)^ + |Mor Tf] 



and by ([TOl) 

l^il < |no| + {E^'Q^Y^" < \uo\ + Cl[^ e^ll^IlT [M + \u,\ + |no| T] , a.s. 
We will make the following assumptions: 

(A4) There exist > 2, a positive stochastic process /5 G (fi x (0,T)), a positive 
function 6 G (0, T) and a real number k > 0, such that 

(i) Ev9+ (77) < 00, 

(ii) for all {u,u) G 9(^9 and z G R™-^'' : 

(m, F (t, M, z)) < i + A + 6 (t) \uf + k\z\^ 



dt-a.e., {uj,t) G X [0, T] 



and 



(A5) There exist M, L > and (uq, uq) G c^V^ such that: 

(i) Ev9+ (r^) < 00, 
(m) it < L, a.e., t G [0,T] , 



|?7| + f \F {s,Uo,0)\ds < M, a.s., u; G 
Jo 



l/P „2\\V 



(tv) 3Ro > \uo\ + Ca:p' e 
such that E 



T 



[M+ |mo| + \uq\T] 
2 



(is < 00 
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We note that, if {it, F (t,u, z)) < 0, for all {u,u) G dip, then condition (A4-U) is 
satisfied with Pt = b (t) = n = 0. For example, if ip = (the convex indicator of closed 
convex set D) and denotes the unit outward normal vector to Z) at y £ Bd (Z)) , then 
condition {uy, F {t, y, z)) < for all y G Bd (/)) yields (A4-U) with Pt = b (t) = n = 0. 
In this last case the Ito's formula for iJj (y) = [distfj (y)]"^ and the uniqueness yields 
K = 0. 

We also remark that if F {t, y,z) = F {y, z) then assumptions (A5) becomes 

|r/| + Ev9+ (r/) < M, a.s., uo eVt. 

Theorem 7 (Existence) Let p > 2 and assumptions (A1—A3) be satisfied with s — >■ 
^J's = fi' (s) and s — > £s = £ (s) deterministic processes. Suppose moreover that, for all 
P>0, 



E\r]f + e(^J^ F*{s)ds^ < 00, 



and one of assumptions (A4) or (A^) is satisfied. Then there exists a unique pair 
{Y, Z) G S'^[0,T] X A^^^(0,T) and a unique stochastic process U G A^(0,T) such 
that ^ 

(a) / \F{t,Yt,Zt)\dt< 00, F-a.s., 
Jo 

(6) Yt (u) G Dam {d<p) , dF ® dt- a. e. [u, t) e Q x [0, T] , 
(c) Ut (uj) G dif {Yt (u)) , dF®dt - a. e. {u, t) e Q x [0, T] 
and for all t G [0, T] : 

Yt+ [ Usds = r]+ [ F{s,Ys,Zs)ds- I ZJB„ a.s. (14) 



Moreover, uniqueness holds in S^^ [0,7"] x A^^^ (0,T) , where 

Si:[0,T]'='(jSUO,T]. 

p>i 

Proof. Let {Y, Z), {Y, Z) G Sj^ [0, T] x Aj^^^ (0, T) be two solutions. Then 3pi,p2 > 1 
such that Y G S'f^ [0,T], Y G [0,T] and it follows that Y,Y e 5^[0,T], where 
p = Pi A p2. Applying Proposition [6] we obtain the uniqueness. 

To prove existence of a solution we can assume, without loss of generality, that 
there exists uq G Dam {(f) such that 

= ^ {uo) <v{y),yye M'", (15) 

hence & dip {uq), since, in the sense of Definition [1], we can replace BSVI ([1]) by 

-dYt + df {Yt) dt3 F {t, Yt, Zt) dt - ZtdBt, 0<t<T 

Yt = V, 
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where, for {uo,uo) G dip fixed, 



_ def 

v{y) = v{y) - v^K) - (^^o, y-uo) , ye 



Fit, y, z) y, z) -uo,ye t E [0, T] . 



Step 1. Approximating problem. 

Let e G (0, 1] and the approximating equation 



F/ + fvv, (F/) rfs = + (s, F/, - f ZldB,, a.s., t G [0, T] , (16) 

Jt 

Vv?e is the gradient of the Yosida's regularization of the function Lp. 
Using (fT5l) we obtain 



= (mo) < V{Jey) < ^e{y) < ^{y), Je (uo) = Uo, Vipeiuo) = 0. (17) 

It follows from [2j, Theorem 4.2 (see also [H], Chapter 5) that equation ( fT6|) has an 
unique solution Z') G [0,T] x A^^^ (0,T). 

Step 2. Boundedness of and , without supplementary assumptions (A4) or (A5). 
From Proposition [3l applied for f|T6|) . we obtain, for all a > 1, 



sup |e^^ (F/ - uo)r + f /" e2^^(^,(F/)rfs^ + f /" e^^'' |Zf |' 
se[t,T] Vit / \Jt 



p/2- 



e^'= |F(s,uo,0)|ds 



;i8) 



In particular there exists a constant independent of e such that 



(a) EIIF^H^ < (E||F^||^)^/^ < C, 



T 



ih) E^ \Zl\^ds< e(^^ l^sl^rfs 



p/2 



2/p 



< c. 



(19) 



Moreover, from (fTOD we obtain 



|F/| < |uo| + (E^*0:^'^)'/^ 



(20) 



where 9^''' is given by f|T3l) with = (since Vv?£(tto) = 0). 

Throughout the proof we shall fix a = 2 (and then Vt defined by ([6]), with Up 

1 A (p - 1) = 1, becomes \4 = / [^i [s] + f [s]] ds) 



Step 3. Boundedness of VipeO^s)- 
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Using the following stochastic sub differential inequality (for proof see Proposition 

2.2, m 

we deduce that, for all t G [0, T] , 



MYn+ f \V^,{Y!)\^ds<^{r^)+ r {V^,{Y!),F{s,Y!,Zt))ds 
Jt Jt 



(21) 



{V^eiY^n,ZldB,). 



Since 



e( [ \\/^s{Yn\'\Z!\'ds) <-E (sup|r/|)(/ \ZI\^ds 
< ^e(^ sup +E (^^ l^sl'f^s) < oo. 



1/2 



then 



(v^,(y/),z:di?,) = o. 

Under assumption (A4), since VipeiY^) G dip {Je (Y^)), then 
(V^,(F/),F(s,y/,Zf)) 

= ^ (n^ - Je {Y^ , (3, n^ ) - ^ Js (n^) , )) + (vv^.(n^), (s, (n^) , zd) 

< (^) \Ys' - Je (V-/)!' + I I V^,(F/)|' + A + 6 (.) I J, (F/)r + l^ll' . 
From ([2]) and inequality 

I J. (V-/)! < I J. (n^) - Je iuo)\ + \uo\ < |r/ - Uo\ + \uo\ 

we have, for all t G [0, T] , 
E^,(y/) + iE r \V^,{Y!)\'ds 



< E^{r]) + 2^ ^+ (s) Ey.,(F/)rfs + E^ + 6 (s) (|r/ - uo| + \uo\Y + |Zf |') rfs 

that yields, via estimate ( |T8l) and the backward Gronwall's inequality, that there exists 
a constant C > independent of e G (0, 1] such that 



(a) E^,(r/)+E/ \WveiY!)\Us<C, 

Jo 

(b) E\Yf-J,iYf)f<Ce. 
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(22) 



If we suppose (A5) then, from (120|) . we infer that 

< \uo\ + {E^^e'/f' < \uo\ + Cl[^ e^ll^ll- [M + \uo\ + \u,\ T] t/ (23) 

Now 

(V^,(r/),F(.,F/,Zf)) 

= {VipeiY!), F {s, F/, 0)) + (V¥.,(F/), F {s, F/, ) - F {s, F/, 0)) 
Hence from (12T|) it follows that, for all t G [0, T] , 



E^(J,(F/)) + iE^ |V^,(F/)|'^;s<E(^y,(r/) + ^ \F* (s) \'ds + \Zlf dsj 

(24) 

and from f|T9|) we obtain boundedness inequalities fl22|) . 

S'iej) ^. Cauchy sequence and convergence. 
Let £,5 G (0, 1]. 
We can write 



y/ - r/ = / dirf - / zidB, 

where 



irr' = f [F (s, y/, ) - F (s, r/, Zf) - Vy., (F/) + Vy., (F/)] rfs. 

^0 



Then 



(F/ - F/, rfKf ^) < (e + 5)(Vy.,(F/), V^,(F/))rft + |F/ - F/prfV, + -^\Zt - Z/^rft, 
and by Proposition [TTl with p = 2, 

sup |F/-F/f + E/ \ZI - Zl\^ ds < CE (e + 5) (V^,(F/), V<^5(F/)) rfs 
efo.Tl Jo Jo 



E 

se[o,r] 
< lc{e + 6) 



E |V<^,(F/)|'ds + E/ |V<^5(F/)rrfs 



<C'{e + S). 



Hence there exist (F, Z, f/) G S"^ [0, T] x A^^^ (0, T) x (0, T) and a sequence £„ \ 
such that 

yen _^ Y, in SI [0, T] and a.s.in C ([0, T] ; M") , 

Z'" Z, in A^^fc (0,T) and a.s. in (O, T; M"^><'=) , 

V<^,(F-)-f/, weakly in A^(0,T), 

Je„ (F^") ^ F, in A^ (0, T) and a.s. in (0, T; R™) . 
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Passing to limit in (fT6|) we conclude that 

+ ^ UJs = r] + F (s, y„ Z,) ds- ZJB,, a.s. 
Since Vv5^(r/) G dip ( (F/)) then for all A G J^, < s < t < T and G 5^ [0, T] , 

J s J s J s 

Passing to liminf for e = \ in the above inequality we obtain that Us G dip iYs). 

Hence (F, Z, U) G 5^ [0, T] x A^^, (0, T) x (0, T) and (F, Z, iT) , with Kt = j UJs, 

is the solution of BSVI (□). ° 
^fep 5. Remarks in case (A5). 

Passing to liminf for e = e„ \ in (123|1 and (124|) it follows, using assumptions 
(A5), that the solution also satisfies 



(a) \Yt\ < Ro, a.s. for all t G [0,T] 



1, 



T 



(b) E^{Yt) + ^El \Usfds<E{ip{r]) + 



Fl is] 



2 



T 



ds + L'^ \Zs\ ds 







The proof is completed now. ■ 

Remark 8 The existence Theorem \2\ is well adapted to the Hilbert spaces since we do 
not impose an assumption of type 

int {Dam (ip)) ^ 0, 

which is very restrictive for the infinite dimensional spaces. In the context of the 
Hilbert spaces Theorem\2\ holds in the same form and one can give, as examples, partial 
differential backward stochastic variational inequalities (see [TU^)- 

4 BSVI - a general existence result 

We replace now assumptions (A5) with int {Dam (ip)) ^ 0. 

Theorem 9 (Existence) Let p > 2 and assumptions (Ai—A^) be satisfied with s — >■ 
fis = fJ' (s) and s ^ is = i {s) deterministic processes. We suppose moreover that 

int {Dam (v?)) 7^ 

and for all p > 

E\r]f + E(^j^ F*{s)ds^ < 00. 
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Then there exists a unique triple (Y,Z,K) G S^[0,T] x A^^^(0,T) x S^{0,T), 
E iKl^j^^ < oo, such that for all t G [0, T] : 



(25) 



Yt + KT-Kt = 7] + J F{s,Y,,Zs)ds- j ZJBs, a.s. 

dKt G dip {Yt) dt, a.s., 
Yt = t], a.s., 

which means that BSVI (Qp has a unique solution, and moreover 

E \\Yf^ + E \\K\f^ + E IKI^/ + Er \Ztfdt< oo. 

Jo 

Proof. The uniqueness was proved in Proposition [6l 

Step 1. Existence under supplementary assumption 

3M > 0, G int {Dam {dip)) such that 

E\p{7])\ + \r]\+ [ \F {s,Uo,0)\ds < M, a.s. e Q 



(26) 



Let -Ro defined by (!23l) and denote 



(, = i{t) + F*{t) 

By Theorem H there exists a unique (F", Z", [/") G 5^ [0, T] x A^^^, (0, T) x (0, T) 
such that U'^ G dp (F,") and for all t G [0, T] : 



+ ^ = V + F{s, YJ", Z^) lc,<nds - Z^^dBs, a.s. 



Moreover 



and 



sup < Ro, a.s. 

se[o,T] 

p/2 



/ /.r \P/2 / \P/2 

\viY:)\dsj <C 



(27) 
(28) 

(29) 



Let q = p/2, Hg = 1 A {q — 1), a = 2 and V^''^ given by ([6]). 
Since 

^yn _ Y^n+l^ yn^ ^n) ^^^^^ - f/^^ - F (t, Y^^ Z^') lc.<n+/ + f/^') ) dt 

< {Yr - Yr\ F {t, Y^, Z^)) (lc,<„ - 1^,<,„+,) dt + - dV^/''^ 



dt. 
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then by Proposition [TTl from Appendix, (with a = 2) there exists a constant depending 
only on p, such that 



E sup I F," - 1;"+' f^ + E( [ \Z^- Z^+^ I ^ c/s) 



p/4 



But 



< c;e (^j\^^yr.Fl {s) d.^ 

-'on 1/2 , 

eH \Z''{s)\^ds\ 



p/2 



p/2 



p/2- 



E lo>nF* (s) ds^ 



P-. 1/2 



+C' 



E 



1/2 



0, as n — >• 00. 



Hence there exists a pair (r, Z) G 5^/' [0, T] X A^/',, (0, T) such that, as n ^ 00 

Z-) (F, Z) in S^J' [0, T] X A^/^, (0, T) 
In particular Fq" Yq in M*" and from equation ( 1271) it follows that 

K."= / f/:ds-.ir, in5^[0,T]. 
Now by ffTTl) for \4 = VJ^'^ we obtain 



< C'e^plivilr 

with C = C {p, uq, Mo, '^o, V^) • 
Therefore 

sp/2 



l + r + E|r/|P + E(^^ |F(t,Mo,0)Mt^ 



1 + T + E\r]f + E[ I \F{s,uo,0)\ds 
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Passing to liminf as n — > oo, eventually on a subsequence, we deduce from (fTSjl and 
(120]) that 

sup \Ys\ < Rq, a.s. 



and 



p/2 



eI^J \ip{Ys)\dsj +^i^J \Zs\^dsj <C. 

To show that {Y, Z, K) is solution of BSDE ( !25|) it remains to show that dKt G 
dip (Ft) (rft). Applying Corollary [13] we obtain dKt G (9y? (Fj) {dt), since rffsTj" = fZ/'rft G 
(Ft") t^t- 

S'fe]) 2. Existence without supplementary assumption ^2B^) . 

Let (mojMo) e c^v? such that Uq G mt {Dam {ip)) and -B (Mo,'ro) C Dam ((/?) . Recall 
that 

fto,ro =^ sup {y? (mo + ^0^^) : 1^1 < 1} < oo. 

We introduce 

= r/l[o,„] (It^I + |(/? (r/)|) + Mol(„,oo) {\ri\ + Iv^ (r?)|) 



and 
Clearly 



(^, y,z) = F (S, y,z) - F (S, Mo, 0) llF(s,«o,0)|>n 



k1 + (r/„) I + IF'^ (t, Mo, 0) I < 3n + I VP (wo) I . 

By Step 1, for each n E W there exists a unique triple (F", Z", /sT'^) G S'p [0,T] x 
^mxfc (0, T) X 5^/^ (0, T) solution of BSDE 



yn + (ir? - = r + 1^'' {s, n^ ds - j^Z^dB^. a.s. 



(30) 



From Corollary [5] and Proposition [6] we infer that there exists a constant Cp such that 

/ |(/.(F,")-y;(Mo)Ms 



+e( [ \F{s,uo,0)\ds 



(31) 
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ntP/2 



Remark that p > 2 is required only to obtain the estimate of E li^"!^ 
Since 



< - |F(.,no,0)| l|F(s,no,0)|>n + 1^" " ^^^T + i I " ^. 



(is 



then by Proposition [TT] we obtain 

Ef sup \Y^ - + /" - Z 



ds 



p/2 



E - UqC l|,,| + |^(r,)|>n) + 1-^ (-5, Mo, 0)1 1 |F(s,«o,0)|>n) 



Hence there exists a pair {Y, Z) G S*^ [0, T] x A^^^ (0, T) such that 

(F", Z") ^ {Y, Z) , as n oo, in [0, T] x A^,, (0, T) . 
In particular Y^ — > Yq in M*". From equation (!30l) we have 

ir"^irin^^[o,r], 

and for all t G [0,T] 



ZgdBg, a.s. 



Letting n — ^ oo and applying Proposition [12] we can assert that estimate (l3T|l holds 
without n. To complete the proof remark that from dKJ^ G d(p (Fj") (it we can infer, 
using Corollary [131 that dKt G dip (Yt) dt. 

Therefore {Y, Z, K) is solution of BSDE ( l25l) in the sense of Definition [H ■ 

Remark 10 When /i an(i £ are stochastic processes we obtain, with similar proofs as 
in Theorems^ and\^ the existence of a solution in the space 

(0,r) G 5^ [0,r] x A^,, (0,T) : ||(F,Z)L,, < oo, Va > l 

where ^ 

\\{y.z)\\i/^4 sup e^^»"'>.r)+E(r 



\P/2 
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5 Appendix 

In this section we first present some useful and general estimates on {Y, Z) G [0, T] x 
^mxfc (O5 ^) satisfying an identity of type 

Yt = YT + dKs- ZsdB,, t E [0, T] , P-a.s., 

where K e [0, T] and K. (cu) e BV ([0, T] ; W) P-a.s., cu E n. 

The following results and their proofs are given in monography E. Pardoux, A. 
Ra§canu [TI], Annex C (a forthcoming publication). 

Assume there exist 

<) D,R,N progressively measurable increasing continuous stochastic processes with 
Do = Ro = No = 0, 

(} V progressively measurable bounded- variation continuous stochastic process with 
Vo = 0, 

a,p > 1, 

such that, as signed measures on [0,T] : 



dDt + (r„ dKt) < {lp>2dRt + \Yt\dNt + \Yt\'dVt) + ^\Ztfdt 

where Up = {p — 1) A 1. 

Let llV-e^lln^i sup \Yse^'\ and ||re^||^ ll^^e^lLoTi • 



(32) 



Proposition 11 Assume and that 



Then there exists a positive constant Ca,p, depending only of a,p, such that, P-a.s., for 
all t G [0, T] : 



sup |e^^Fj+( / e^^'^dDA +{ / e'^'AZsf ds] 
se[t,T] \Jt J \Jt J 



+E^* 



eP^'lYsf-'lY^^odD,- 
t Jt 



< Ca,p E^* 



p/2 



T 

+ ( j e'^'dN, 



In particular for all t G [0, T] : 



W<Ca,p E^* 



(|lTr + l,>2i?^ + Ar|^)e^ll^^-''^)"ll[*>-i 



P-a.s., 



(33) 
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Moreover if there exists a constant b > such that for all t G [0, T] : 

1/2 



Yt\ + e^(^-^^)l,>2rf/?.) + ^ e(^^-^*)diV, < b, a.s. 



then for all t G [0, T] : 

p/2 



\Ytf + E^* (^^ e^C^-v-,) |^^|2 ^ ^^^^^^ 



(34) 



The following results provides a criterion for passing to the limit in Stieltjes integral 
(for the proofs we refer the reader to [TT], Chapter I). 

Proposition 12 Let Y, K^Y"^, be C {[0,T];W^)-valued random variables, n G N. 
Assume 

(i) 3p> such that sup E|/C"];^ < oo, 

neN* 

(ii) dlF" - Y\\^ + llfsT" - K\\j,) 0, asn^ oo, 

I.e. W£>0, P{(||r"-r||2.+ >e}^0, asn^oo. 

Then, for all < s < t < T : 

(i;", dK"^) ^ J {Yr, dKr) , as n oo, 



and moreover. 



^IKI^T < liminfE|K'^|^ . 



Corollary 13 Let the assumptions of Proposition [7^ be satisfied. If A : R™' =^ is 

a (multivalued) maximal monotone operator then the following implication holds 

dK"^ G A {Yl") dt on [0, T] , a.s. dKt G A {Yt) dt on [0, T] , a.s. 
/n particular if if -.W^ ^] — oo, +oo] zs a proper convex l.s.c. function then 
dKl' G iyi') dt on [0, T] , a.s. dKt G (9(^ (Yt) dt on [0, T] , a.s. 
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